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Introduction.
The investigation herein is concerned with characterizing a class of everywhere regular solutions of the reduced wave equation d2u d2U
-1-h u = 0, u = u(x, y) = u(r cos d, r sin 6). dx2 dy2
It is known [l] that any solution regular for r>r0>0 can be uniquely decomposed into the sum of two solutions, U and V, possessing the following properties.
U is an everywhere regular solution. V is a regular solution for r>r0 and it satisfies the Sommerfeld radiation condition dV -r-iV = 0(r-si2) dr for large r.
Furthermore, at infinity, V necessarily has the following form [1] V = I-r) <r^-*/4>/(0) + 0(r-3'2), where f(6) = 2j^»e*"9 is an entire analytic function.
Conversely, if f(d) is
given, then V=J^i-nPnH™(r)einll(Hn2)(r) is a Hankel function). Lastly, at infinity U necessarily has the form U = (2Trr)-ll2[g(6)ei<-'~*lV + g(6 + 7r)e-i(,-*'4>] + 0(r~3<2), where g(8) = ^aneinB is sufficiently regular, say a function of bounded variation. Conversely, if g(8) is given, then U = X inctnJr,(r)eine.
The purpose of this paper is to consider a different characterization of the everywhere regular solution. Specifically, U will now be determined from 77(0) = J2in<XneM; that is, from /0" Udr, since foJn(r)dr = 1 (re = 0, 1, 2, • • • ).
This characterization is such that the corresponding solution U has an explicit integral representation.
The principal difficulty involved in the justification of these assertions is related to the fact, (1.15) , that the integral f£ \ U\ dr does not converge uniformly; this property also follows from a theorem of F. Rellich [2] which asserts that U is at least of order r~112 lor large r. Nevertheless, it will be established that the integral /0" Udr does indeed converge uniformly provided that F(9) is a sufficiently regular periodic function. A precise statement of all the results alluded to is given in the following:
Theorem.
Assume that u(x, y) is of class C2 and everywhere satisfies the reduced wave equation. Furthermore, assume that uniformly in 9 the integral /I 00 udr = F(9), u = u(x,y) = u(r cos 6, r sin 9), o F(d) being of period 2ir and fulfilling a uniform Holder condition with an exponent a>l/2. Then the integral value problem has a unique solution and the solution has the integral representation (1.1) -1-h u = 0, u = u(x, y) = u(r cos 9, r sin 9). dx2 dy2
Furthermore, assume that uniformly in 9 the integral /I 00 udr = F(9), (F(9 + 2tt) = F(9)). 2^ J»+iW cos (2* + 1)9 = -I -;-c£t.
Remark. By means of a rather long and delicate limit process, the author showed that the series could be transformed into the integral form. Conversely, in an exceedingly simple manner, the referee showed that the integral could be transformed into the series form. The proof of the referee will be given forthwith, but not before expressing my sincere appreciation for his helpful comments.
Proof. Let S(9) denote the integral expression. Then S(9) possesses the following two properties: S(-6) = S(9), S(9 + r) = -S(9).
Thus, the Fourier series for S(9) contains only terms of the form cos (2k+ 1)9. Now, because of the Riemann-Lebesgue theorem = RLT, the last limit is zero. Hence, the lemma is proved.
The remainder of this section will be concerned with proving Furthermore, the convergence to zero is uniform in 9 in both of the relations (3.7) and (3.8). Finally, because of (3.5), (3.7) and (3.8), the proof of Lemma 4 is completed. Now, because of (4.2), the equation (4.9) is the same as
In order to determine the limiting form of (4.10) it is sufficient to invoke Lebesgue's theorem concerning the passage to the limit under the integral sign. That Lebesgue's theorem is applicable is clear since ft satisfies a Holder inequality (4.13). As F2EHa>0, In a similar manner both the existence and the explicit integral form of any partial derivative of (6.1) can be established. Hence, since both cos (x sin <p -y cos <p) and Y(x, y, r, <p) are solutions of (1.1), it follows that (6.1) is also a solution of the reduced wave equation.
